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- - -■ 1. Introduction 



It is well known that the real-variable theory of Hardy spaces on the n-dimensional Eu- 
clidean space plays an important role in harmonic analysis and has been systematically 
developed; see [8, 9, 21, 22]. The classical Hardy spaces on are essentially related to 
the Laplacian A = — ^ 



k=l dx 



k 



Let A G (0, oo) and A;^ be the Bessel operator, which is defined by setting, for all 
C^-functions / on (0, oo) and x G (0, oo), 

A,/(.) . --A;m _ ^i^;,,). 

In 1965, Muckenhoupt and Stein [19] developed a theory parallel to the classical case 
associated to A in the setting of A;^, in which the results on ^^((0, oo), dm;^)-boundedness 
of conjugate functions and fractional integrals associated with A^ were obtained, where 
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p G [1, oo) and dm\{x) = x^^ dx. Since then, many problems based on the Bessel context 

were studied; sec, for example, [1, 2, 4, 5, 6, 16, 23, 24]. In particular, Bctancor et al. in [3] 
established the characterizations of the atomic Hardy space H^{{0,oo),dmx) associated 
to A;^ in terms of the Riesz transform and the radial maximal function associated with 
the Hankel convolution of a class Z^^^ of functions, which includes the Poisson semigroup 
and the heat semigroup as special cases. 

Let p £ ((2A+l)/(2A + 2), 1]. The main target of this paper is, via using the results from 
[13, 14], to establish the characterizations of the atomic Hardy spaces i/^((0, oo), dmx) 
in terms of the radial maximal function, the nontangential maximal function, the grand 
maximal function, the Littlewood-Paley (/-function and the Lusin-arca function. As an 
application, we further obtain the Riesz transform characterization of these Hardy spaces. 

To state our main results, we first recall some necessary notions and notation. Through- 
out this paper, we assume that A G (0, oo). Let T and Ji, respectively denote the Gamma 
function and the Bessel function of the first kind of order v with v € (— l/2,oo). For 
any / and g G -^^((0, oo), dmx), their Hankel convolution is defined by setting, for all 
X G (0, oo), 

poo 

fhgix) = / f{y)4^'^g{y)dmx{y), (1.1) 

where for x G (0, oo), Ti^^g{y) denotes the Hankel translation of g{y), that is, 

4^^g{y) ^ ^r(;^^^^ £ 9{Vx^ + y'- '^xy cos o) {smef^-UO. (1.2) 

In what follows, for any x, r G (0, oo), let the symbol I{x,r) = {x — r,x + r) Ci (0, oo). 
It is easy to see that 

^ 9 \ 

^A(/(x,r))^|^2Aii^ (1-3) 

This yields that 

mx{I{x, r)) ~ x'^\ + r2^+\ (1.4) 

which further implies that 

2mA(/(x, r)) < mx{I{x, 2r)) < 2^^+ Va(/(x, r)). (1.5) 

Thus, {{0,oo), p, dmx) is an RD-space introduced in [14], where p{x,y) = ja; — yj for all 
X, y £ (0, oo). We now recall the notion of approximations of the identity in the context 
of RD-spaces, which was introduced in [14] (see also [13]). 

Definition 1.1. Let ei G (0, 1] and €2, e^ G (0, 00). A sequence {Sk}kel, of bounded linear 
integral operators on L'^{(0, 00), dmx) is called an approximation of the identity of order 
{^1,^2, £3) (in short, (ei, €2, 63) — AOTI), if there exists a positive constant C such that for 
all k E Z and x, y £ (0,oo), Sk{x,y), the integral kernel of is a measurable function 
from (0, 00) X (0, 00) into C satisfying that 

(i) for all G Z and x, y e (0, 00), 

1 2-*^'2 



\Sk{x, y)\ < C 



mx{I{x, 2-k)) + mx{I{y, 2"^)) + mx{I{x, \x - y\)) (2-^= + \x- y|)« ' 
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(ii) for all k eZ and x,x,ye (0, oo) with |x - J| < {2~'' + \x — y\)/2, 

\Sk{x, y) - Sk{x, y)\ 

- mx{I{x, + mx{I{y, 2"^=)) + mx{I{x, \x - y\)) {2-^ + \x- y\Y^+^^ ' 

(iii) property (ii) also liolds witli x and y interchanged; 

(iv) for all k ^ X and x, x, y,y ^ (0, oo) with |x — x| < {2"^ + |a; — y|)/3 and \y — y\ < 
{2-^ + \x-y\)/Z, 

\[Sk{x, y) - Sk{x, y)] - [Sk{x, y) - Sk{x, y)]\ 

^~ 1 \x-x\^'\y-y\^'2-''^^_ 

- mx{I{x,2-''))+mx{I{y,2-k)) + rnx{I{x,\x-y\)) (2-*= + |x - y|)2^i+^3 ' 

(v) for all k & X and x G (0, oo), Sk{x, z) dm\{z) = 1 = Jg°° Sk{z, x) dm\{z). 

Remark 1.1. Similarly to [27, Remark 2.1(ii)], if a sequence {St}t>o of bounded linear 
integral operators on i^^((0, oo), dm\) satisfies (i) through (v) of Definition 1.1 with 2~^ 
replaced by t, then we call {St}t>o a continuous approximation of the identity of (ei, 62, €3) 
(in short, continuous (ei, 62, £3) — AOTI). For example, if {-Sfelfcez is an (^i, £2, 63) — AOTI 
and if wc set St{x,y) = Sk{x,y) for t G (2~'^~-^, 2"*^] with k e Z, then {St}t>o is a 
continuous (ei, £2, €3) — AOTI. 

The following space of test functions was introduced in [14] ; see also [13] . 

Definition 1.2. Let xi G (0, 00), r G (0, 00), P G (0,1] and 7 G (0, 00). A function (f) 
on (0,00) is said to belong to the space of test functions, Q{xi,r, P,^), if there exists a 
positive constant C such that 

(G), |0(x) - 0(y)| < C (4^)'' ^,(.(.,/+|.-.,|)) (ft^)' for all x, y G (0,oo) 
satisfying that |x — y| < (r + |xi — x|)/2. 

Moreover, for any / G ^(xi, r, /3, 7), its norm is defined by 

= : (G)i and (G);; hold}. 

Remark 1.2. (i) Let {St}t>o be an (ei,e2,e3) — AOTI for some positive constants ei, 62 

and £3, and St{x,y) be the kernel of St- Obviously, ^((x, •) for any fixed t and x G (0, 00) 
is a test function of type (.x, t, ei, 62), and St{-,y) for any fixed t and y G (0, 00) is a test 
function of type {y,t, €1,62); see also [14, p. 19]. 

(ii) For any x G (0, 00), 1 + |x — 1| ~ 1 + x. By this fact together with (1.4), if we take 
xi = 1 and r = 1 in Definition 1.2, we have that if ^ G ^(1, l,/3,7), then 

(G), |</)(x)| < C 

(i+j.)2X+i+7 foi" all X G (0,00); 

(G)ii' \(t>{x) - (^{y)\ < C' (i+Jj'27+i+-y+^ for ah x, y G (0,oo) satisfying that |x - yj < 
(l + |x-l|)/2. 
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The space g{x, r, P, 7) is defined to be the set of all functions f e g{x, r, P, 7) such that 
f{x) dmx{x) = 0. Moreover, we endow the space g{x,r, with the same norm as 

the space G{x, r, 13, 7). 

The space g{x,r, /3,'~f) is a Banach space. Let e G (0,1] and ,5, 7 G (0, e]. We further 
define the space QQ{x,r, P,^) to be the completion of the set Q{x,r,e,e) in Q{x,r, P,j). 
For / G g^{x,r,P,j), define ||/||g<(a;,r,/3,7) = \\f\\g{x,r,0,-/)- Let {g^{x,r, Prf))' be the set 
of all continuous linear functionals on Qq{x, r, f3, 7) endowed with the weak* topology, and 
denote by (/, tp) the natural pairing of elements / G {Go{x, r, (3, 7))' and ip G Q^ix, r, /3, 7). 
Throughout this paper, we fix = 1 and write Qq{P,^) = Goi^, ^,P,"f), and (^o(/^'7))' = 

(^^(i,i,/3,7)y. 

Similarly, let the space GqIx, r, /3, 7) be the completion of the set G{x, r, e, e) in the space 
G{x,r,l3,-f). For any / G Go{x,r, define WfWg.^^^^^p^^) = \\f\\g(a:,r,fS,y)- Denote by 

{Go{x,r, I3,'y)y the space of all continuous linear functionals on Go{x,r, /3,'y), and endow 
{Go{x,r,P,j)y with the weak* topology. We always write Go{P,j) = Goi^Ai Pil)- See 
[14] or [13] for the details. Moreover, it was proved in [28] that for any e, e" G (0, 1) and 

7 G (0,min{e,?}), the spaces G'o{P,l) = GI{P,7) and G'oiPrf) = GI{P,i). 

We now recall the atomic Hardy spaces i7^((0, 00), dm\) in [14]; see also [7]. 

Definition 1.3. Let j3 G ((2A + 1)/(2A + 2), 1], eG (0,1) and /3, 7 G (0,e). A function a is 
called an i?^((0, 00), dm\)-atom if there exists an open bounded interval / C (0, 00) such 
that supp(a) C /, ||a||z,2((o,oo),dm;,) < [mxW^'^''^/^ and a{x)dmx{x) = 0. 

A distribution / G (^0(1^' t))' ^^^^ belong to the Hardy space ifP((0, 00), dmx) if 
/ = X^j^i cejOj in {Gq{(3, 7))', where for every j, aj is an H^{{Q, 00), (imA)-atom and Uj G C 
satisfying that < 00. The norm \\f\\Hp{{Q,oo),dmx) of / -f^^((0, 00), dmx) is 

defined by ||/||_f/p((o, oo),dmA) = ^^{(X^j^i I'^jl^)''^'^^}' where the infimum is taken over all 
the decompositions of / as above. 

The following class Z^^^ of functions is a slight variant of the corresponding class intro- 
duced in [3]. 

Definition 1.4. Let Z^^^ be the set of all C^-functions (j) on [0, 00) such that for all a; > 0, 

< 0(x) < C(l + a;2)-^-\ (1.6) 

|</>'(x)| <Cx(l + x2)-^-2, (1.7) 

and 

|</."(x)| <C(l + x2)-^-2. (1.8) 

We now recall the radial maximal function, the nontangential maximal function, the 
grand maximal function, the Littlewood-Paley ^-function and the Lusin-area function in 

[14]. 

Definition 1.5. Let (j) G Z^, e G (0,1] and /3, 7 G (0,e). For any / G (^o(/5>7))'i 
the radial maximal function, the nontangential maximal function and the grand maximal 
function are defined by setting, for all a; G (0, 00), 

^+{f){x) = sup \^t{f){x)\ = sup \fMt{x)\ , 

t>Q t>0 
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^*{f){x)= sup \Mmy)\= sup \fhMy)\ 

t>0,\x-y\<t t>0,\x-y\<t 

and 

Gfe/3,7)(/)(a,) = sup{(/,v9) : 99 G g'oiP,j), M\gi^,r,^,^) < 1 for some r G (0,oo)}, 
where for all t, y e (0,oo), (j)t{y) = t~'^^~'^(j){y /t). 

Remark 1.3. Observe that the functions 

2Ar(A) 1 



r(A + l/2)v^(l + x2)A+i 



and {x) = 2(i-2^)/2 g^^p (_2;2/2) /r(A+l/2) both belong to . Recall that ^ (/) = 
e-*^/ = /ttAi^f and VFfl(/) = e"*^^/ = fhW^^^ (see [3, pp. 200-201]). Thus, the 
radial maximal functions and the nontangential maximal functions respectively associated 
with {e~*^^^^}(>o and {e^*'^^}(>o are special cases of and 

Definition 1.6. Let ei G (0,1], £2, €3 G (0,oo), a G (0,oo), e G (0, minjei, £2}), /?, 7 G 
(0, e) and {Sfclfcez be an (€1,62, €3) — AOTI. For all / G {QqH^,!))' ■, the Littlewood-Paley 
g-function g{f) and the Lusin-area function Sa{f) are respectively defined by setting, for 
all X G (0, 00), 

1/2 



^\Skif){x) - Sk-i{f)i 



9{f){x) 

and 

Sa{f){x)^{y^ I \Sk{f){y) - Sk-i{f){y)\ 



X)\'^ 



2 limA(y) 



1/2 



■j\<a2-k mx{I{x,a2 j 

The first result of this paper is as follows. 

Theorem 1.1. Let A G (0,oo), p G ((2A + 1)/(2A + 2), 1], ei G (0,1], €2, £3 € (0,oo), a G 
(0, 00), e G (0, min {€1,62}), ^, 7G ((2A + l)(l/j9- l),e) and^G^W. A distribution f e 
(^o(/^'7))' belongs to HP{{0, 00), dmA) if and only if M.{f) G -Z^((0, 00), dm\); moreover, 



LP ((0, 00), dmA)! 

«;/iere M(/) is one 0/ $+(/), $*(/), G(^''3'T)(/), g{f) and 5„(/). 

Differently from [3], we establish Theorem 1.1 by first showing that {^t}t>o defined as 
in Definition 1.5 is actually a constant multiple of an approximation of the identity as in 
Definition 1.1; see Lemma 2.1 below. We then obtain all desired conclusions of Theorem 
1.1 by directly applying results in [14, 10, 27]. The details are given in Section 2. 
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By applying Theorem 1.1, we next establish the characterization of .^^((0, oo), dm\) 
in terms of the Riesz transform Rax- Let r € [l,oo) and / G L'^{{0, oo), dm\). The 
A;^-conjugate of / is defined by setting, for any t, x E (0, oo), 

/•oo 

Q?{f){x)= / Qf'\x,y)f{y)dmx{y), 
Jo 

where for any t, x, y G (0, oo), 

/•oo 

Qfl(x,y) = -(xy)-^+V2y e-*V;,+i/2(xO Ja- 1/2(^2/) 

2A r (x°-ycose)(sin^)2A-i ^^^^^ 



TT Jo (2;^ + y2 + t2 _ 2xy COS 6')^+! 

see [19, p. 84]. Moreover, there exists the boundary value function limt^oQf'\f){x) for 
almost every x G (0, 00) (sec [19, p. 84]), which is defined to be the Riesz transform RaxU)- 
Muckenhoupt and Stein [19, p. 87] also proved that Ra^ is bounded on L'^{{0, 00), dmx) 
when r G (1, 00). In [4, pp. 710-711], Betancor et al. further showed that if r G [1, 00) and 
/ G L'^{{0, 00), dmx), then for almost every x G (0, 00), 

/•OD 

RAxiDix) = lim / Qi''\x,y)f{y)dmx{y), 

•J-^O Jo, |j;-j/|>5 

where for any x, y E (0, 00), 

^0 l^' y)- ^ ^^2 + y2 _ 2xy cos ^)^+l 

Moreover, Betancor, Farina and Sanabria [5] showed that Rax is a C alder on- Zygmund 
operator on the space ((0, 00), p, dmx) of homogeneous type, where Rax is bounded from 
i?^((0, 00), dmx) to L^((0, 00), dmx). 

Let e G (0, 1], p, jj G (0, e) and / G {Q^P, l))' ■ RaxU) is said to belong to {g{P, 7))', 
if there exists F G {GoiP^j))' such that for all -0 e ^o(/3'7)' 

/•OO /•OO 

{RAx{f),i^)= f ix)RAxWix) dmxix) = F{x)i;{x) dmx{x), 
Jo Jo 

where Rax is the adjoint operator of -Ra^) see also [3, Lemma 2.42]. By Lemma 3.1 below, 
we see that Rax is bounded from ^o(/^'7) to Go{P,'y)- 

A distribution / G (^o(/^'7))' is said to be restricted at infinity, if for any (p G Z^^^ and 
r > large enough, /Ua?!' £ -^'^((0, 00), dmx)- By Theorem 1.1 and an argument as in 
[21, pp. 100-101], we sec that for any / G HP{{0, 00), dmx) with p G ((2A + 1)/(2A + 2), 1] 
and (j) G Z^^\ f'A\4' £ -^'^((0, 00), dmx) for all r G [p, 00]. Moreover, we have the following 
characterization of -ff^((0, 00), dmx) in terms of the Riesz transform -Ra^- 

Theorem 1.2. Let A G (0,oo), p G ((2A + 1)/(2A + 2),1], e G (0,1], ^5, 7 G ((2A + 
l)(l/p - l),e), e G (0, e), cf) G .Z^ and / G (^o(/^'7))' restricted at infinity. Then 
f G i7P((0, 00), dm;^) i/ anc? on/y if there exists a positive constant C such that for all 
6 G (0,00), 

\\fMs\\LPi{0,oo),dmx) + II^Aa ifM5)\\LPi(0,oo),dmx) ^ ^^'^^^ 
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To show the necessity of Theorem 1.2, by using the molecular characterization of 
the atomic Hardy space i?^((0, oo), dm\) (see Theorems 2.1 and 2.2 in [15]) and the 
boundedness criterion on sublinear operators on Hardy spaces over RD-spaces (see [26] 
or [10]), we first show that the Riesz transform R/s.^ is bounded from i/^((0, oo), dmx) 
to i^((0, oo), dm\) (see Lemma 3.2 below) and /|jA0<5 is bounded on HP{{0, oo), dmx) 
uniformly on 5 G (0, oo), which further induces the necessity of Theorem 1.2. 

To show the sufficiency of Theorem 1.2, we establish a key estimate for the radial maxi- 
mal function of the first entry of the conjugate harmonic systems satisfying the generalized 
Cauchy-Riemann equations associated with A;^ in terms of maximal LP norm of the con- 
jugate harmonic systems (see Lemma 3.4 below), which when p = 1 was already obtained 
by Betancor et al. in [3, Lemma 2.38]. Then, as an application of Theorem 1.1, we obtain 
the sufficiency of Theorem 1.2. The details are given in Section 3. 

We remark that (1-10) is formally slightly different from the case for HP{W^) (see [21, 
p. 123]). Recall that a tempered distribution / € 5'(R") restricted at infinity belongs to 
HP (JR."-) with p G ((n — l)/n, 1] if and only if there exists a positive constant C such that 
for aU d e (0,oo), 

n 

\\f * MiPim) + ^\\Rjif) * MLP{Rr^) ^C"' (1-11) 

where cj) e 5(M"), cpsix) = S'"" (j){x / S) , and {Rj}]= I are the classical Riesz transforms; see 
[21, p. 123]. Since {Rj}^=i are convolution operators, we have that for all j e {1, • • • ,n}, 

Rjif) * ct>s = {Kj *f)*<f>s = Kj * (/ * <f>s) = Rjif * ct>s), 

where Kj is the kernel of Rj. Thus, for i?P(M") with p e {{n - l)/n,l], (1.11) and 
(1.10) are the same, and actually these commutative relations were used in the proof of 
[21, p. 123, Proposition 3]. However, it is unclear if this is also true for the Hardy space 
HP{{0, oo), dmx). Nevertheless, from Theorems 1.1 and 1.2 together with the boundedness 
of Ra^ on HP{{0, oo), dmx) (see Lemma 3.2 below), we immediately deduce the following 
result. The details are omitted. 

Corollary 1.1. Let A G (O^oo), p G ((2A + l)/(2A + 2), 1], e G (0, 1],, /5, 7 e ((2A + l)(l/p- 
l),e), e'G (0,e) and f G {Qo{P,j))' be restricted at infinity. Then f G ifP((0, 00), dmx) if 
and only if there exists a positive constant C such that for all 5 G (0, 00), 

WfMsW 

LP {{0,00), dmx) ll-^^A if'A>''f^s)\\LP{{0,oo),dmx) + ll(-^A;^(/)) h'PsW lp{{0, oo), dmx) - ^' 
Finally, wc make some conventions on notation. Throughout the paper, we denote by 
C and C positive constants which are independent of the main parameters, but they may 
vary from line to line. If / < Cg, we then write f ^ g or g > f; and H f ^ g ^ f, 
we then write f ^ g. For any k G (0, 00) and / = L{x,r) for some x, r G (0, 00), 
kL = (x — kr, X + kr) H (0, 00). 

2. Proof of Theorem 1.1 

This section is devoted to the proof of Theorem 1.1. We start with the following key 
lemma. 
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Lemma 2.1. Let (j) G Z^^^ and {^t}t>o be as in Definition 1.5. Then 

{ 1 



Li((0,oo),dmA) ^ 



t>0 



is a continuous (1, 1, 1) — AOTI. 

Proof. By Definition 1.5 and (1.1), we see that for all t, x, y e (0, oo), the kernel $t(a;, y) = 

Tlc^^<pt{y)- For all X, y, z e (0, oo), let A(a;, y, z) be the area of a triangle with sides x, y, 
z when such a triangle exists, and 

o2A-2p/\ _|_ 1\ 

D{x,y,z) ^ '\ ;^'\ xyz)-'^^'[A{x,y,z)f^-' 

when such A(x, y, z) exists, and zero otherwise. Then by (1.2) and the change of variables, 
we obtain that 



^t{x,y)= ^^^^'^^^^ £ <Pt (Vx^ + y^-2xycosd) {sm9f^-^ 

r(A + l/2) , ,1 r fx^ + y'^-z'^X 

r(A)V7r J\^_y\ \ 2xy J 



dz 



<Pt{z)D{x,y,z)dmx{z). (2.1) 

From this together with (6) in [12, p. 335] and the change of variables, we further deduce 
that for all x, t € (0, oo), 

poo poo poo 

/ ^tix,y) dmxiy) = / Mz)Dix,y, z) dmxiy) dmx{z) = im^i 

((0, oo), drnx) ' 

(2.2) 

Jo Jo Jo 

By the homogeneity of -^^"'^((0, oo), dmx), we may assume that ||0||li((o,oo). (im;^) = 1- 
Then by (1.2) and (2.2), ^tix, y) is symmetric in x and y, and satisfies (v) of Definition 1.1. 
Moreover, it follows from (2.2) that {^t}t>o is uniformly bounded on both -L^((0, oo), dmx) 
and L°°((0, oo), dmx), which together with the Marcinkiewicz interpolation theorem yields 
that {^t}t>o is also uniformly bounded on i^^((0, oo), dmx). This can also be deduced 
from (2.2), the Holder inequality, the symmetry of $t(a;,y) and the Fubini theorem as 
follows: for all / G -^^^((0, oo), dmx), 



^tix,y)fiy) dmxiy) 





poo poo 

dmxix) < / / ^tix,y)\fiy)\^ dmxiy) dmxix) 
Jo Jo 



\fiy)\' dmxiy). 





Thus, by the symmetry of $t(x,y), to finish the proof of Lemma 2.1, we still need to 
show that {^t}t>o satisfies (i), (ii) and (iv) of Definition 1.1. We first prove that {^t}t>o 
satisfies Definition l.l(i). By (1.4), wc obtain that for all x, y, t £ (0, oo), 

mxiliy, t)) < mxilix, t)) + mxilix, \x - y\)). (2.3) 
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Then Definition 1.1 (i) is reduced to showing that for all x, y, t G (0, oo), 

^ mxilix, t)) + mxilix, \x - y\)) t + \x - y\- ^'^'^^ 
To this end, by (1.2) and (1.6), we see that 

712 o\ 



$t(a;, y) ~ r^^-^ ( ^— ^ j (sin 



1- /^^2A-l 



^ Jo (t2+ar2+y2_2xy cos 0)^+1 ^ ^ ^ 
We then consider the following two cases. 

Case (i) t> X or \x — y\ > x/2. In this case, from (2.5) and the fact that 

[\sm9f^-Ue=^^^, (2.6) 

Jo ^ ' r(A + i)' ^ ' 

we deduce that 

Mx,y) < 



(t2 + |x-y|2)A+i' 

which together with (1.4) yields (2.4). 

Case (ii) t < x and |a; — y| < x/2. In this case, (2.4) follows from 

^^^'^y^^ x^Ht+\x-y\r ^'-'^ 

Observe that in this case, x ~ y. Then by the fact that for all 9 G (0,7r/2], sin0 ~ 9 and 
1 — cos^ > 2(0/7r)2, we have 

= t(sing)2A-i 
^ ~ Jo [t^ + k - + 2xy(l - cos 9)]^+^ 

rn/2 t6'2^-l 

^ io [t2 + |x-y|2 + 4xy02/^2]A+i 

~ (x2/)^(t2 + \x - 1/|2) 70 (1 + /32)A+1 ~ ^2A(i2 + |^ _ y|2) ' 

On the other hand, by (2.6) and the fact that cos 6 < for ah 9 G (7r/2,7r], we have that 

E,. /' /(^T^)"" ie 

Jtt/: 



2 (t2 + x2 + y2 _ 2xy cos 9)^+^ 



~ x2A(t2 + |a,_y|2) y^^^' ' ~ x2A(t2 + |a;_y|2)' 

which together with the estimate of Ei yields (2.7). 
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We now show that {^t}t>o satisfies Definition l.l(ii). By (2.3), it suffices to show that 
for all X, X, y, t E (0, oo) with \x — x\ < {t+\x — y|)/2, 

t\x — x\ 



F= \<^t{x,y) - $t(x,'(/)| < 



1 



mx{I{x, t)) + mxil{x, \x - y\)) {t + \x - y\)'^ ' 
Using the mean value theorem and (1.7), we obtain that 



(2.8) 



F< / f 
'o 



-2A-1 



Y^x^ + y2 _ 2xy cos 9 



y/x^ -\-y^ — 2xy cos 9 



< 



< 



-2A-2 



,/ / v^^2 + y2 _2^ycOS 



(sin 0)2^-1 

X -x\{sm 9 f^-^d9 



t\x — a;|(sin0) 



2A-1 



d9, 



(2.9) 



'0 (t2 +^2 +y2 _ 2^y COS 61)^+2 

where a G (0, 1) and ^ = (1 — o:)x + ax. 

We now prove (2.8) by considering the following two cases. 
Case (i) t> X or \x — y\ > x/2. In this case, (2.8) follows from 

By \x — x\ < {t+\x — y\)/2 and the choice of ^, we have 

t+\^-y\=t+\{l-a)x + ax-y\>t+\x-y\-a\x-x\>{t+\x- y\)/2. (2.11) 

Then (2.10) follows from (2.11) together with (2.9) and (2.6) easily 
Case (ii) t < x and \x — y\ < x/2. In this case, 

\x-^\ <\x-x\<{t+\x- y\)/2 < 3x/4 

and hence y ~ a; ~ a; ~ ^. This fact together with the fact that for all 9 G (0,7r/2], 
sin^ ^ 9 and 1 — cos^ > 2(^/7r)2 further implies that 

p ^ t|x-g|(sing)2 ^-i 
^ ~ Jo [t2 + 1^ - y|2 + 2Cy{l - cos 9)]^+^ 



d0 



< 



< 



[t2 + |e-2/|2 + 4eye2/^2]A+5 
t\x - x\ /"^ /32^-i 

Jo 



■d9 



t\x — x\ 



{iy)\t+\x-y\Y (l+^2)A+f ^~x2A(t+|x-y|)3- 
On the other hand, from (2.11) and (2.6), we deduce that 

t\x-x\{s\D.9f^-^ 



/•TT 



t/2 (t2 +^2 + y2 __2^y COS 0)^+2 

^ t|x — X 



d0 



x2A(t+ |a;-y|)3 7^/2 



(sine)2A-i 



d9< 



t\x — x| 



~ x2A(i+ |x-y|)3" 
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Combining the estimates of Fi and F2, we obtain F < x2\^l^^^}_y^^3 , which imphes (2.8). 

Similarly, to show that {^t}t>0 satisfies Definition l.l(iv), by (2.3), it suffices to show 
that for all x, x, y,y,tE: (0,oo) with — x| < {t+ \x — y\)/3 and |y — y| < {t+ \x — y\)/3, 



G= |[$t(ar, y) - ^t{x, y)] - [M^, y) - ^t{x^y)]\ 

1 t\x-x\\y-y\ 



< 



mx{I{x, t)) + mx{I{x, \x - y\)) {t + \x - y\)^ 
Using the mean value theorem, (1.7) and (1.8), we obtain that 

1 I +^1-266 cose' 



(2.12) 



G< 



JO 



-2A-1 



x-x\\y-y\ 
1 



< 



*ve^+ei-2Cie2cose 

t\x — x\\y — y\{s\n6) 

(t2 + ef+ei- 2^16 cos e)^+2 



2A-1 



(sin^) 



2A-1 



de 



where a, j3 £ (0, 1), ^1 = (1 — a)x + ax and ^2 = (1 — P)y + Py- 
To prove (2.12), we consider the following two cases. 

Case (i) t > X or \x — y\ > x/2 01 t> y. In this case, by \x — x\ < {t + \x — y|)/3 and 
\y -y\<{t + \x - 2/|)/3, we have 

t + \^2-(,i\>t + \y-x\-\x-x\-\y-y\>{t + \x- y|)/3. (2.13) 

This together with (2.6) yields that 

t\x -x\\y - y\ 



G< 



(t+|a;-y|)2A+4^ 



which implies (2.12) in this case. 

Case (ii) t < x, \x — y\ < x/2 and t < y. In this case, x, y e {x/2,3x/2) and 
y € {x/Q, 13x/6). Moreover, we see that ,^2 ~y~y~a;~2?~,^i. From this together 
with (2.13), (2.6) and the fact that for all e G (0,7r/2], sin 6* - 6* and 1 - cos 6* > 2{e/'Kf, 
we further deduce that 



< 



7r/2 



t\x — x\\y — y\[sme) 



2A-1 



W + 16 - 6P + 266(1 - cose)]^+2 

t\x-x\\y-y\ ^32^-1 
Jo 



de 



(66)1* + 16^- 61)^ 

^ t\x-x\\y-y\ 



dp + 



/I 

t\x-x\\y-y\ 



(l+^2)A+2 (i2 + ^2+^2)A+2 



a;2^(t + |x - y\)*' 
This implies (2.12) and hence finishes the proof of Lemma 2.1. 



□ 



Proof of Theorem 1.1. Let p, e, /3, 7 and a be as in Theorem 1.1, <f) G and / G 
(^o(/3)7))'- From [27, Theorem 3.1] (see also [11, Corollary 1.8]) together with Lemma 
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2.1, we deduce that / G HP{{0, oo), dmx) if and only if € LP{(0, oo), dm\) and 

ll/ll//p((0,oo),rfmA) ~ ll^"^(/)llLP((o,oo),dmA)- Furthermore, [10, Corollary 4.18] implies that 
/ G HP{{Q, oo), dmx) if and only if G L^'((0, oo), dmA) if and only if G(^'^'T)(/) G 

LP((0, oo), dm\)); moreover, 

\\f\\HP[{Q,^Umx) ~ WU)\\LP{{0,^),dmx) ~ G^^'^'^^U) ^^((o^ " 

Finally, it follows from [14, Theorems 5.13 and 5.16] that / G i?^((0, oo), dm\) if and 
only if g{f) G I^((0, oo), dmA) if and only if Sa{f) G -Z^((0, oo), dm\); moreover, 

ll/l|ifP((0,oo),dmA) ~ ll5'(/)l|Lf((0,oo),dmA) ~ \\^a{f)\\LP{{0,oo),dmx) ' 

Combining these facts, we then complete the proof of Theorem 1.1. □ 



3. Proof of Theorem 1.2 

In this section, we present the proof of Theorem 1.2. We begin with the following lemma 
on the boundedness of Rax- 

Lemma 3.1. Let e G (0, 1] and ^, 7, ? G (0, e). Then Ra^ bounded from Gq{P,j) to 

Proof. By [19, p. 87], we have that Rax bounded on L''((0, 00), dm\) for r G (l,oo), 
and so is Ra^- Recall that the kernel, denoted by RAx{x,y), of Rax satisfies that for all 
x,ye (0,00), 



RAx{x,y) = Q^Q\y,x) = -— [ 

Jo 



2A r {y-xcose){sm9f^-^ 



(x^ + — 2xy cos 9)^+^ 



de- 



see Lemma 2.42 in [3]. It is easy to see that RAx{x,y) satisfies Conditions (i)-(iii) of 
Theorem 2.18 in [14] with e = 1 therein (sec also [5]), which means the RAxi^iU) also 
satisfies the hypotheses of Corollary 2.24 in [14]. By this and [14, Remark 2.14(iii), Remark 
2.17, Corollary 2.24], Lemma 3.1 is reduced to showing that R-Axi^) ^ BMO((0,oo), dmx) 
is a constant, where / G Lj'Q^(0, 00) is called to belong to the space BMO((0, 00), dmx) if 



sup 



x,re(o,oo) mxilix, r)) J^^^r) 



f^y) 771 \\ I f{z)dmx{z) 

mx{I{x,r)) Jj^^^^) 



dmx{y) < 00. 



Recall that BMO((0, 00), dmx) is the dual space of if^((0, 00), dmx) and Rax is bounded 
from H^{{0, 00), dmx) to -L^((0, 00), dmx) (see [7]). Then by Theorem 4.10 in [20], we see 
that Rax is bounded from L°°((0, 00), dmx) to BMO((0, 00), dmx), which implies that 
^A;^(l) e BMO((0,oo), dmx). Moreover, for any x G (0,oo), 



/•oo 

^A,(l)(x)= lim / Q^^\y,x)y^^dy 

2x foo r (y-xcose)(sme)^^-^ ,^ oa , 

= lim / / y4 o — TT^ -T^^YTrdOy^ dy 

TT 5-^o7o,|x-j/|>5Jo ix^ + y^-2xycose)^+^ 



-^^hmf / 

TT S-^OJo,\l-z\>sJo 



- (z-cose)(sin0)2A-i 



{z^ + l-2zcose)^+^ 



dOz^^ dz = Rax{^){1). 
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This implies that i?Ax(l) is a constant and hence finishes the proof Lemma 3.1. □ 

We next establish the boundedness of R^x on if^((0, oo), dm\). To this end, for any 
xo, x,r e (0,oo), let dx{x,xo) = \J^°y^^dy\, /d^(xo,r) = {x e (0,oo) : dx{x,xo) < r} 
and for all A; G N, 

Rk{IdA^o,r)) = {xe (0,oo) : 2''-^mx{Idx{xo,r)) < dx{x,xo) < 2''mx{Idx{xo,r))}. 
Then dx is the measure distance and satisfies that for any xq, r e (0, oo), 

mx{Idx{xo,r)) r; (3.1) 

see Theorem 3 in [17]. Write {{0,oo), dm x) as {{0, oo), p, dm x) for the moment, 
where p{x,y) = \x — y\ for all x, y E (0, oo). If we replace p by dx in Definition 
1.3, we then obtain the corresponding //^((O, oo), d;^, dmA)-atoms and the Hardy spaces 
HP{{0, oo), dx,dmx). In [15, Theorems 2.1], it was proved that for any p G ((2A + 1)/(2A + 
2) , 1] , the spaces 

HP{{0, oo), p, dmx) = HP{{0, oo), dx,dmx) (3.2) 

with equivalent norms. 

We recall the notion of molecules in [15] as follows; see also [7, 18]. 

Definition 3.1. Let p G ((2A + 1)/(2A + 2),1] and rj = {r/fclfceN C [0,oo) such that 

^'kLi^'Hk < oo when p = 1, or 'Yl'tLii'^kY'^^^^^^'^ < ^ when p G (0,1). A function 
M G -^^^((0, oo), dmx) is called a {p, 2, r]) -molecule centered at an interval Id,^ = Idxivoifo) 
for some yo, ro G (0, oo), if 

(M)i ||M|U.((o,oo),dn.,) < K(/dJ]^/'-^/^; 

(M)ii for all k G N, \\MxR,ii,jL^^o,oo),dm,) < %2-*^/2[m;,(/dJ] V2-i/P; 
(M)iii M{x)x'^^ dx = 0. 

Lemma 3.2. iei p G ((2A + 1)/(2A + 2), 1]. Then Ra^ is bounded from HP{{0, oo), dmx) 

to LP{{0, oo), dmx) and bounded on HP{{0, oo), dmx). 

Proof. We only show that Rax is bounded on HP{{0, oo), dmx), since the proof for 
the boundedness of Rax from HP{{0, oo), dmx) to -^^((0, oo), dmx) is similar and eas- 
ier. Assume that a is an HP{{0, oo), dmA)-atom such that supp(a) C I = I{xo,r) 
for some xq, r G (0,oo). By Theorem 1.1 in [26] (see also [10, Theorem 5.9]), we 
only need to show that there exists a positive constant C, independent of a, such that 
\\RAx{0')\\HP{{o,oo),dTnx) — ^- From Theorem 2.2 in [15], we deduce that there exists a 
positive constant C such that for any (p, 2, ry)-molecule M as in Definition 3.1, M G 
HP{{0,oo),dx,dmx) and ||^p((o,oo),dx,<imA) — ^- this and (3.2), it suffices to show 
that RAxio-) is a (p, 2, r7)-molecule centered at the interval Idx = Idxi^o^i^xil)) with 

ri = {2-^}kem. 

Recall that Rax is bounded from H^{{0, oo), dmx) to L^{{0, oo), dmx)- This together 
with a G H^{{0, oo), dmx) implies that RAxia) G ^^((0, oo), dmx). Then from this 
observation and Lemma 3.1, it follows that 

POD 

/ RAx{a){x)x^^ dx = {RAx{a),l) = (a,i?A;,(l)) = 0. 
Jo 



14 



Dachun Yang and Dongyong Yang 



On the other hand, by (3.1), we see that 

mxildx) ~ rnx{I) (3.3) 

and for each A; G N, 

mx{Rk{Id,))<2'mx{I). (3.4) 
Applying the boundedness of Ra^ on L'^{{0, oo), dm\), Definition 1.3 and (3.3), we have 

II^A.(a)|L.((o,oo),..,.) ^ ll«llL^((o,oo),<i...) < [mx{I)Y"-'/^ < K(/,J]V2-i/P. (3.5) 
Thus, via (3.3), Lemma 3.2 is reduced to showing that for each k 



[^A,(a)]XR,(; 



A+3/2 

<(2^)-WK(/)]V2-i/P. 



L2((o, oo),dmA) 

If X G 21, then by (1.5), we see that 



(3.6) 



dx{x,xo) 



y^^ dy 



< mx{21) < 2^^+'mx{I). 



This together with (3.1) and (3.3) impHes that there exists Kq £ N such that (2J) fl 
Rk{Idx) — ^ fo'^ ^ > -^0- Furthermore, (3.5) implies (3.6) for all A; G N and k < Kq. 
To prove (3.6) for k > Kq, we first claim that for any x G (0, oo) \ (2/), 



\RA,{a){x)\ 



< 



r[mxil)] 



i-i/p 



and when xo> 2r, 



I^A,(a)(x) 



< 



r[mx{I)] 



i-i/p 



\x — XqI'^X'^Xq 



(3.7) 



(3.8) 



Indeed, by the vanishing moment of a and the mean value theorem, we obtain that 

|i?A,(a)(x)| ~ [Q\^\x,y) - Q\^\x,xo)] a{y)y''^ dy 

de\a{y)\y^^dy, 



< 



(siu (9) 



I Jo {x^ + -2x^cose)^+^ 



(3.9) 



where ^ = axo + (1 — a)y for y G / and some a G (0, 1). 

On the one hand, since x G (0, oo) \ (2/), then +,^^ — 2x^ cos 6 > (x — ^)^ ^ {x — xq)"^, 
which together with (3.9) implies (3.7). On the other hand, when xq > 2r, we have that 
for all y G I = {xq — r, + r), y ~ xq. This implies that ^ ~ xq. Then by some estimates 
similar to those used in the estimate (2.7), we further see that 



^0 



(sin ( 



\2A-1 



de< 



\x — XqPx-^Xq 



10 (x2+e2-2xC COS 0)^+1 

This together with (3.9) and ||a||Li({o, oo),dmA) ^ [mxil)]^'^^^ implies (3.8). 
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For X > 2xq, the mean value theorem implies that 

dx{x,xo) - x^^+' - xl^+' ~ e\x - xo) < x^\x - xo) <ix- xof'^' 

for some /3 G (0, 1) and C = Pxq + {1 — P)x. This together with x G Rk{Idx) leads to that 
2''mx{I) <{x- xo)2^+^ By this, (3.7), (3.4) and (1.4), we further see that 



2X0 



[Rax (a) (x)] ^ Xr^ (/^^ ) ix) dmx (x) 



1/2 



Similarly, 



Fo = 



rxo/2 ^ ^^"^ A+3/2 

[R^,{a){x)fxR,^i,^){x)dmx{x)\ < K(/)]V2-i/P(2'=)- 



Assume that there exists x £ [xo/2, 2xo]riRk{Idx)- Then since -R^ (/^^ ) n (2/) = 0, we see 
that [xq/2,2xo] ^ (2/), which further implies that xq > 2r. Using this fact together with 
the mean value theorem and the fact that x Xq, we have that dx{x,xo) ~ Xq^|x — a;o|. 
This implies that for any x G Rk{Idx)i \x — xq\ ~ 2^m\{I)xQ^^ . Thus, from this fact 
together with (3.8) and (1.4), we deduce that 



F.= 



2x0 

[Rax («) (^)] ^ Xr, (I, ) (x) dmx {x) 

xo/2 ^ 



1/2 



< rK(/)]i-VP J / dmxix) 

I JRkiidx) \x-xo\'^x^^ 

1/2 



1/2 



< rK(/)]i-VP <j ^J^A(i?fe(/.J)^^ ^ < r[m,(7)]i-VP[2^m,(/)]-3/2a;gA 

A+3/2 



[2*=mA(/)]%c-^' 



"0 

< [mA(I)]^/2-i/p(2'^)-f < [mA(/)]i/2-i/f (2^=)-^ 



Combining the estimates of Fj for z G {1, 2, 3}, we obtain (3.6), which completes the 
proof of Lemma 3.2. □ 

Recall that for any t, x, y E (0, oo), the kernel Pl^\x,y) of Pj^' satisfies that 

pfl(x,j/)= re-''{xzy^+y^Jx_y2{xz){yz)->^+y^Jx_y2iyz)dmxiz) 
Jo _. , 



/o 



2At r (sin^)2^-i 



(x2 + y2 + ^2 _ 2a;y cos 6)^+^ 



dO; (3.10) 
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see [3] or [25]. Moreover, {Pt'^^}t>o is a contraction semigroup on L'^{{0, oo), dmx) for 
all r G [l,oo]. Also, for any / G L'^{{0, oo), dmx) with r G [l,oo], the Poisson integral 
u{t,x) = Pl^\f){x) satisfies the differential equation that for all t, x E (0, oo), 

2A 

dtu{t, x) + dlu{t, x) + —dxu{t, x) = 0. (3.11) 

Moreover, let v{t,x) = Q[^\f){x). Then u and v satisfy the following Cauchy-Riemann 
type equations: 

dtv + dxU = 0, dfV — dxU = 0; (3.12) 

X 

see [19, 3]. 

The following lemma was proved in [19]. 

Lemma 3.3. Suppose that 

(i) u{t, x) is continuous intE [0, oo), a; G M and even in x; 

(a) In the region where u{t, x) > Q, u is of class and satisfies d'^u/dt^ + d'^ujdx^ + 
2\x~^du/dx > there; 
(Hi) u{0, x) = 0; 

(iv) For some r G [l,oo), there exists a positive constant C such that 

/•oo ^ 

sup / \u{t, x)Y dmx{x) <C <oo. (3.13) 

0<t<oo Jo 

Then u{t, x) < 0. 

For any function u on (0, oo) x M and x G (0, oo), let u*{x) = sup^>o l^(*)2;)|. We then 
have a variant of Lemma 2.38 in [3] as follows. 

Lemma 3.4. Let p G ((2A)/(2A + 1), 1] . Assume that u{t,x) and v{t, x) are, respectively, 
even and odd (with respect to x) real valued functions on (0, oo) x M and satisfy the 
following Cauchy-Riemann type equation (3.12). Let F = (u^ + v"^)^/"^ and suppose that 

POO 

sup/ [F {t, x)f dmx{x) <oo. (3.14) 

Then u* G LP{{0, oo), dmx) o,i^d there exists a positive constant C, depending only on A 
and p, such that 



h*\\LPi{o,oo),dm^) < Csup / [F{t,x)Y dmx{x). 
t>0 Jo 

Proof By [19, Lemma 5], for anyp > (2A)/(2A+1), we have that for all {t,x) G (0,oo) xM 
such that F{t, x) > 0, 

d^[Fit,x)r ^ d'[F{t,x)r ^ 2X d[F{t,x)r 

dx^ dt^ X dx ~ ' 
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Let p e ((2A)/(2A + 1),1] and Fs{x) = F{6,x) for any {S,x) G (0,oo) x M. Take q G 
((2A)/(2A + l),p) and r = p/q. An application of (3.14) leads to that for all 6 G (0,oo), 

G L'-((0, oo), dmx). 
We claim that for any t, 6, x G (0, oo), 



[F(t + 5,x)r<pW(F|)(x) 



(3.16) 



To see this, let P^^^ (Ff ) = limj^o+ Pt^^ (i^|) and define Vs {t, x) by setting, for ah t G [0, oo) 
and a; G M, 

Vsit,x)^[F{t + 5,x)]''-P}'\F^){x), 

where pJ^'(Fj) is the odd extension to M of pj:^\F^). To show (3.16), it suffices to show 
that Lemma 3.3 holds for V^. In fact, it is obvious that is continuous on [0, oo) x M. 
Since F is nonnegative, P^^\Fg) is also nonnegative. Thus, if {t,x) G (0, oo) such that 
Vs{t,x) > 0, then [F{t + S,x)]i > 0, which together with (3.11) and (3.15) implies that 



d''Vs{t,x) ^ d^Vs{t,x) ^ 2\ dV5{t,x) ^^ 



dx"^ 



X 



dx 



and hence Lemma 3.3(ii). Moreover, by the continuity of F and the fact that Pj:^^f — )■ / in 
£^((0, oo), dm\) for any / G i>^((0, oo), dm\) withp G [l,oo), we see that p^^\f^) = f^, 
which yields that for any a; G M, Vs{0,x) = 0. Thus, Lemma 3.3(iii) holds. 

Finally, by the uniform boundedness of pj^^ on ^''((0, oo), dm\) for r G [l,oo] and 
(3.14), we have 



sup 
0<t<oo Jo 



< 



< 



\Vsit,x)\''dmx{x) 

poo PC 

sup / [F{t,x)Y dm\{x) + sup / 

0<t<oo Jo 0<t<oo Jo 

poo 

sup / [F(t,x)]^ dmx{x) < oo. 
t>o Jo 



pI'\fI){x)Y dmxix) 



Therefore, (3.13) holds for Vg and consequently, the claim follows from Lemma 3.3. 

Since {Fg}s^o is bounded on L^((0, oo), dmx), and L^{{0, oo), dmx) is reflexive, there 
exists a sequence 5k i and h G L^{{0, oo), dmx) such that Fg^ converges weakly to h in 
L^{{0, oo), dmx) as A; — >■ oo. Moreover, by the Holder inequality, we see that 



\L^{{0,oo),dmx) 



sup 

ll»llir'((0,oo),dm;,)-^ 



POO 

/ g{x)h{x) dmx{x) 
Jo 



= < 



sup 



< limsup 
k—^oo 



lim 

llqll / <ife-*-oo JQ 

"'^"L^' ((O,oo),dm^) — 

^ fOO 



9{x)[F5i,{x)]'^ dmx{x) 



Ok 



< sup 

L'-((0,oo),dmx) t>0 



poo 

/ [F{t,x)r 

Jo 



dmx{x). (3.17) 
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Since F is continuous, then for any x G (0, oo), [F{t + Sk,x)]'^ — >■ [F{t,x)]'^ as k ^ oo. 
Observe that for any fixed x G (0, oo), pI^\x,-) G L'^'{(0, oo), dm\). Prom this fact, we 
deduce that for each x G (0,oo), pJ^l(F/J(x) -> Pl^\h){x) as k ^ oo. Thus, by these 
facts and (3.16), we have that for any t, x & (0, oo). 



[F{t,xW = hm [F{t + Sk,x)]'^ < Hm Pf](Fn(x) = Pt\h){x). 

h — ^r>n h — i.ryn ^ 



Therefore, 



K(x)]^ 



fe— >oo 



sup x) 

0<t<oo 



< sup [F{t,x)Y < sup Pf^(/i)(x). 

0<t<oo 0<t<oo 



By this together with (c) in [19, p. 86] and (3.17), we then have 



,* IIP 



lLP((0,oo),(imA) 



ll['"*]*llLr-((0,oo),<imA) ~ 



sup Pf'\h) 



0<t<oo 

oo 



L'"((0, oo),dmx) 



< 



lL'-((0,oo),dmA) ^ 



poo 

sup / [F{t,x)]^ dmx{x), 
t>o Jo 



which completes the proof of Lemma 3.4. 



□ 



Proof of Theorem 1.2. We first assume that / G HP{{0, oo), dm\). By Theorem 1.1, we 
have that sup^^o l/ttA'?!'i5| € -^((0, oo), dm\) and for ah 5 G (0, oo), 

LP{{0,oo),dmx) ~ \\f\\HP{{0,oo),dmx)- 



Thus, (1.10) is reduced to showing that for all 6 G (0, oo), 

II-RA;, {fh4>s)\\LP{{0,oo),dmx) ~ \\f\\HP{{0,oo),dmx)- 



(3.18) 



To this end, for each 6 G (0, oo), let ^s{f) = f^x^ps- By an argument similar to that used 
in the estimates of (3.5) and (3.6), we see that for any HP{{0, oo), dm\)-atom a, $5(0) 
satisfies that for some interval I^x, 



l^5(«)llL^((0,oo),d™.)<K(/dJ]^/'-^/^ 



and for each G N, 



L^iO, 00), dmx) 



<(2^)-W[mA(7,J]V2-i/P. 



Observe that (2.2) and the Fubini theorem imply that ^s{o,){x) dmx{x) = 0. These 
facts further yield that there exists a positive constant C, independent of a and 6, such 

_ k 

that $5(a)/C is a (;?, 2, ?7)-molecule with rj = {2 ^A+ij^^j^ as in Definition 3.1. Moreover, 
by this together with [15, Theorem 2.2], we see that $5(0) G {{0, 00), dx,dmx) and 
HP ({0, 00), dx,dmx) ^ 1- This combined with [15, Theorem 2.1] further implies that 
^s{a) G HP{{0,oo),dmx) and \\^s{a)\\HPi{o,oo),dmx) ^ 1- I^o™ ^^^^ and [26, Theorem 1.1], 
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we deduce that {^s}s>o is bounded on i?^((0, oo), dmx) uniformly on (5 G (0, oo). On 
the other hand, by Lemma 3.2, we obtain that Rax bounded from HP{(0, oo), dm\) to 
LP{{0, oo), dmx) for all p G ((2A + 1)/(2A + 2), 1]. Combining these two facts, we obtain 
(3.18). 

We now assume that (1.10) holds. For 6, t, x & (0, oo), let u(t,x) = Pj:^\f^x4's){x) 
and v{t,x) = Qf'\f'^x4>5){x)- Moreover, define Fg = {iP + v^)^/^, where u and v are even 
extension and odd extension of u and v with respect to x to M, respectively. Then by 
(3.10), (1.9) and (3.12) together with the definitions of u and v, we have that u, v are 
functions on (0, oo) x M satisfying the Cauchy-Riemann type equations (3.12). 

We prove that for all a; G (0, oo). 



(3.19) 



m,x)r<pi^\[FsiQ,-)]nix). 

To see this, for all {t, x) G [0, oo) x M, define 

Vs{t,x) ^ [Fsit,x)r - Pfl([F5(0,.)f )(x), 

where pI^\[Fs{0,-W) is the even extension to R of pI^\[Fs{0, ■)?)■ As in the proof of 
Lemma 3.4, (3.19) is reduced to showing that Vs satisfies Conditions (i)-(iv) of Lemma 
3.3. Observe that is continuous on [0, oo) x M. Moreover, we see that satisfies (ii) 
and (iii) of Lemma 3.3. It remains to show that Vs satisfies (3.13). Since the assumption 
that / is restricted at infinity implies that f^x'Ps ^ -^'^((0, oo), dnix) for all S G (0, oo) 
and r G [p, oo], by the uniform boundedness of pj'^^ and q]^^ on I/^((0, oo), dmx) (see [19, 
p. 87]), we further obtain that 



[Fs{t,x)fdmx{x) 



Pi'\fMs){x) + Qr{fMs){x 



/•oo 

/ [fMsix)^ dmx{x) 
Jo 



dmx{x) 



< oo. 



(3.20) 



Observe that for almost every x G (0, oo), 

[Fs{0,x)f = \nxMx)\^ + \RA,ifMs){x)\^. 

This fact together with the boundedness of pj^' on L^/*'((0, oo), dmx) and the boundedness 
of Rax on L^((0, oo), dmx) implies that 



/ pfJ(Pj(0,-))(x) dmx{x)< / \Fs{0,x)fdmx{x) 
JO '- -' Jo^ 



< 



mxMx)^ + \Rax ifMs) ix)f dmx{x) 



r-co 



^ / \fh4>s{x)\ dmx{x) 
Jo 
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poo 

~ / 

^0 



from which and (3.20), we further deduce that 

poo 

sup / \Vs{t,x)\^/Pdmx{x) 

0<t<oo Jo 

< sup r{[F,(t,x)]2+fpfl(Fj'(0,.))(x)l'^'|dmA(x) 

f°° 2 

^ / \fh4>s{x)\ dmx{x) < oo. 

JO 

Therefore, Vs satisfies (3.13) and hence (3.19) follows from Lemma 3.3 immediately. 

Using (3.19), (1.10) and the uniform boundedness of {P\^^}t>Q on L^{{Q., oo), dmx), we 
see that 

---) poo 

[Fs{t,xWdmx{x)< I PrmiOrW)ix)dmx{x) 

\Fs{0,x)\Pdmx{x) 

mxMx)\ + I^A, ifMs) {xW dmx{x) < 1. (3.21) 
We claim that for each t, a; G (0, oo), Fs{t^ x) F{t, x) as S ^ 0, where 

F{t,x) ^ MLHiO,ooUm,){[Pl'\fKx)f + [QP{f){x)]'V/'. 

Indeed, observe that for any fixed x £ (0, oo), pI'^\x, •), q[^\x, •) G !)• Thus we only 
need to show that for all (p G Z^, f]\x^s /lkllLi((o, oo),dmx) in (^'(1, 1))' as 5 0. To 
this end, let tp G Q{1, 1). Then by (2.1), we have that when (5 — >■ 0, 

poo 

/ fhV's{x)tl}{x) dmx{x) 
Jo 

/"OO /"OO 

/ / D{x,y,z)(ps{z)dmxiz)f{y)dmx{y)i){x)dmx{x) 
Jo Jo 

poo poo 

/ / D{x,y,z)il){x)dmx{x)ip5{z)dmx{z)f{y)dmx{y) 
Jo Jo 

poo poo /"TT 

= Cx / / 5-'^^-^i^{^y^ + z^-2yzcose) 
Jo Jo Jo 

Xip (I) {sin ef^-'dedmx{z)f{y)dmxiy) 

/"OO /"OO /"TT 

= Cx / / ^iVy^ + S^z"^ - 2Syzcos9)ip{z){sme)^^-Ue dmx{z) f{y) dmxiy) 
Jo Jo Jo 



POO POO P7T 

Cx / ^{y)p{z){s\nef^-^dedmx{z)f{y)dmx{y) 
Jo Jo Jo 

fOO 



poo 

= MW{{o,oo), dmx) / i'iy)f{y)dmxiy), 

where Cx = ^y<^)!^ ' '^^^^ implies the claim. 
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By this claim together with (3.21) and the Fatou lemma, we further have that 

/•OD 

sup / \F{t,x)\Pdmxix)<l, 
<t<oo Jn 



0<t<oo Jo 

from which together with Lemma 3.4, we deduce that 



/" sup Pi^^mx)" dmxix)<l. 

Jo 0<t<cx) 



Therefore, by Theorem 1.1, we have / G i7^((0, oo), dmx) and hence complete the proof 
of Theorem 1.2. □ 
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